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Determination of Optimum Rails Dimensions in Railgun
by Lagrange’s Equations
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One of the methods that are used for increasing accelerator force of projectile in the railgun is the increasing of inductance gradient.
Essentially, the inductance gradient is determined by current density in rails and projectile. If we change geometry of the rail, the current
density and inductance gradient will be changed. One of the factors that restricts variation domain of rails geometry is the tolerable
current of rails. In this paper, we have obtained analytical formulas for the maximum current density and the inductance gradient in
terms of rail dimensions using the results that have been obtained by 2-D finite-element method. By these formulas and Lagrange’s
optimization equations, we determined the optimum dimensions of rail. Tolerable current is bonded for Lagrange’s equations.

Index Terms—Lagrange’s equations, optimization, railgun, 2-D finite-element method (FEM).

I. INTRODUCTION

I NDUCTANCE gradient is one of the important parameters
to study the railgun performance. This parameter is directly

proportional to the accelerator force [1]

(1)

where is the accelerator force, is the rail current, and is
the inductance gradient. Inductance gradient depends on the fol-
lowing variables: the waveform of current [2], geometry of rails
[3], and materials of rails [4] and projectile. Without attention to
the practical limitations, we can increase the inductance gradient
by decreasing the cross section of the rails and by increasing the
space between them [5]. Practically, there are restrictions that do
not allow us to increase the inductance gradient without limita-
tions. One of the restrictions is the allowable current of rails. If
the value of current is more than the allowable current, the rails
will be melted. By decreasing the rail dimensions, the level of
allowable current of rail is decreased.

In this paper, we present a method for the determination of
optimum dimension of rails for the maximum value of gradient
inductance, as current density in all points of the rail is not more
than the allowable current density. For this purpose, we have ob-
tained analytical formulas for the inductance gradient and the
maximum current density. These formulas have been achieved
from the results that were computed by finite-element method
(FEM). After that, by Lagrange’s equations and their bond, the
optimum dimension of rail has been computed and was com-
pared with the result of simulation (see Fig. 1).
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Fig. 1. Cross section of rails.

II. PROBLEM EXPRESSION AND GOVERNING EQUATIONS

Lagrange’s method is one of the famous methods for opti-
mization [6]. In this method, primarily, we determine the goal
function. This function depends on several variations. For op-
timization, the goal function must be minimum. Goal function
has been shown with as follows:

(2)

In addition to minimize the , we want to follow the condi-
tions as it is gratified

(3)

In this method, Lagrange function is defined as follows:

(4)
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TABLE I
INDUCTANCE GRADIENT AND THE MAXIMUM CURRENT DENSITY IN TERMS OF RAIL DIMENSIONS �� � � ���

It has been proven that the point of inflection of corre-
sponds to the minimum of .

(5)
We obtain equations from (5). With equations in (3),

there are linear equations. We have to multiply in the
minus mark to obtain the maximum of .

In this paper, our goal function is the inductance gradient.
Generally, for rectangular rails, is as follows:

(6)

where is the width of rail, is the thickness of rail, is the dis-
tance between rails, is special resist of rail, and is the elec-
trical current. Whereas, it is possible to use from the harmonic
analysis instead of transient analysis; also, we can replace
with frequency .

(7)

In this paper, we have used rails that are made of copper.
Distance between rails is 2 cm, and the frequency of current
is constant. Therefore, is the function of width and thinness of
rails . It is assumed that the tolerable current density
of copper can be 40 .

Then

(8)

Mostly, the maximum current density is concentrated in inner
corners of rails. Maximum current density depends on variables
of goal function. These variables are obtained from the simula-
tion. There is one bond for this problem, and the inductance gra-

dient is proportional to the current density. Then, we can ignore
from the inequality in (8) and express the new bond as follows:

(9)

It is necessary to obtain analytical phrase for in terms
of and .

III. ANALYTICAL PHRASES FOR ,

In this section, we want to find analytical phrases for and
using the simulation results. For this purpose, we perform

simulation using FEM. In simulation, the amplitude of ac cur-
rent of rails is 0.6 MA. Values of and are given in
Table I.

We assume that can be a multiplication of two functions.
Each of them is the function of independent variable. In other
words, it is possible to separate variables

(10)

After that, we test results for accuracy of this assumption. By
using the results of Table I, each of functions is
fitted with second order of polynomial function. This is shown
in Fig. 2.

Equation (10) can be written as

(11)
We assume that , . By recent assump-

tion, the earlier equation can be rewritten as

(12)

By fitting results of Table I
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Fig. 2. Comparison of curve fitting and simulation results. (a) � � � ��. (b)
� � � �� (simulation: , Fit: —).

(13)

If the coefficients of these equations is equal to the coeffi-
cients of (12), we have a system of linear equations with nine
equations. By solving these equations, and will be ob-
tained. In (12), by the determination of and , the analytical
phrase has been determined for . The accuracy of this phrase
can be tested in comparison with the simulation of results. Fig. 3
shows it for and the variation of . The max-
imum error is less than 0.7%.

There is similar phrase for

(14)

Fig. 3. Comparison of analytical phrases and simulation for � � � ��. Simu-
lation: . Analytic: —.

Fig. 4. Determination of the optimum dimension of rail in 0.6 MA.

IV. OPTIMUM DIMENSIONS OF RAILS

By using the analytical phrases, we write Lagrange’s equation
as follows:

(15)

(16)

(17)

can be obtained from (15) in terms of and and
replaced in (16) and (17). Equations (16) and (17) formed a
system of linear equations with two variables ( and ).
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Fig. 5. Optimum dimension of rail for 0.5, 0.6, 0.7, and 0.8 MA.

For solving these equations, we have drowned two equations
in one system of coordinates. Junction point of these curves is
the answer of the problem.

For the input current equal to 0.6 MA, as shown in Fig. 4, the
junction point is , . In other words, for
recent current, the rail with these dimensions has the maximum
inductance gradient.

The accuracy of recently optimized dimensions has been ver-
ified with simulation. Results showed that the inductance gra-
dient is equal to 0.54156 , and the maximum current den-
sity is equal to .

The obtained results in Fig. 5 shows that if the current is in-
creased, the dimension of rails will be increased (for various
current).

V. CONCLUSION

In this paper, we present a method in order to determine the
optimum dimensions of rails for railgun. This method is based
on the Lagrange optimization method. Bond of problem is the
tolerable current. We used the results of FEM to obtain the an-
alytical phrase for the inductance gradient and the maximum
current density. We calculated the optimum dimensions of rails
using these analytical phrases and the Lagrange equations. Re-
sults of the optimization confirm the results of simulation, and
finally, results of this paper can be used for rail designing.
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